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Abstract
We provide a new approach to stable ergodicity of systems with dom-
inated splittings, based on a geometrical analysis of global stable and
unstable manifolds of hyperbolic points. Our method suggests that the
lack of uniform size of Pesin’s local stable and unstable manifolds — a
notorious problem in the theory of non-uniform hyperbolicity — is often
less severe than it appeas to be.
1 Introduction
The theory of ergodicity of diffeomorphisms deals with the question of
whether a given conservative (volume preserving) diffeomorphism is er-
godic. It dates back to the work of Anosov [2], who adopted Hopf’s ar-
gument [8] on the ergodicity of certain geodesic flows, to prove that every
conservative C2 Anosov diffeomorphism on a compact connected Rieman-
nian manifold is ergodic. Since the set of Anosov diffeomorphisms is open
in the C1 topology, such diffeomorphisms are stably ergodic in the fol-
lowing sense: every conservative C2 diffeomorphism sufficiently close, in
the C1 topology, to a conservative C2 Anosov diffeomorphism is ergodic.
This is the definition of stable ergodicity used throughout this paper.
In [11] Pugh and Shub initiated a programme for studying ergodicity
of partially hyperbolic diffeomorphisms. They conjectured that stable
ergodicity, as defined above, is C2-dense in this context. The conjecture
has been very successful and recently proved in [13] to be true in the case
where the central bundle is one dimensional.
Although the theory of stable ergodicity so far has dealt predomi-
nantly with systems admitting a partially hyperbolic splitting, such is
by no means necessary. In his thesis [14], Tahzibi provided examples of
stably ergodic diffeomorphisms with no uniformly expanding/contracting
subbundle. On the other hand, his examples enjoy the following proper-
ties:
• They admit an invariant dominated splitting TM = Ecs ⊕Ecu (see
definition in section 2).
∗This work was carried out at Universidade de Sa˜o Paulo, Sa˜o Carlos, and E´cole Nor-
male Supe´rieure, Paris, with financial support from FAPESP (Brazil) and Fondation Sciences
Mathe`matiques a` Paris (France).
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• They are non-uniformly hyperbolic, meaning that all Lyapunov ex-
ponents are non-vanishing in a full Lebesgue measure set.
• The Oseledet splitting is compatible with the dominated splitting
in the sense that, for Lebesgue almost every x ∈ M , the Lyapunov
exponents of vectors in Ecsx are all negative, and those of vectors in
Ecux are all positive.
Conservative diffeomorphisms with these properties will henceforth be re-
ferred to as non-uniformly Anosov diffeomorphisms. They are the subject
of this article. Indeed, following the apparent success of the Pugh-Shub
conjecture on the denseness of stable ergodicity in partially hyperbolic
dynamics, it seems natural to conjecture denseness of stable ergodic-
ity among conservative diffeomorphisms admitting a dominated splitting.
This paper is written along with the belief that, within the space DS,
of C2 diffeomorphisms admitting a dominated splitting, there is an open
and dense set of ergodic, non-uniformly Anosov diffeomorphisms. Here it
is relevant to mention the result of Bochi, Fayad, Pujals [4], in which it is
proved that every stably ergodic diffeomorphism is C1 approximated by
one which is non-uniformly Anosov.
Thus motivated by [14] and [4], we turn the question around and ask:
under what condition are non-uniformly Anosov diffeomorphisms (stably)
ergodic? We can try, naively, to apply the Hopf-Anosov argument. On
doing so, one has to take into account two differences between the Anosov
and non-uniform Anosov case:
1. Non-uniformly Anosov diffeomorphisms do not have local stable and
unstable manifolds associated to every point, but only to Lebesgue
almost every point.
2. In the non-uniformly Anosov case, local stable and unstable mani-
folds are not of uniform size.
Only the lack of uniform size of local stable and unstable manifolds
provides a serious problem for the adaptation of the Hopf-Anosov argu-
ment, and actually makes it fail in some cases (not all non-uniformly
Anosov diffeomorphisms are ergodic, see [6]). Still, the problem is not
necessarily as serious as it may first seem, by the following
Observation 1.1. Rather than the local stable and unstable manifolds,
what matters in the Hopf-Anosov argument is the size (whatever that
means) of the stable and unstable sets
W s(x) = {y ∈M : d(fn(x), fn(y))→ 0 as n→∞} (1)
W u(x) = {y ∈M : d(f−n(x), f−n(y))→ 0 as n→∞}. (2)
More precisely, by local stable manifolds we mean the sets
W sloc(f, x) := {y ∈M : d(f
n(x), fn(y)) ≤ r0 ∀n ≥ 0
and lim sup
n→∞
1
n
log d(fn(x), fn(y)) < 0}, (3)
r0 being a small constant. W
u
loc(f, x) is defined analogously. It is a well-
known theorem of Pesin [9] that, for m-almost every x ∈ M , W sloc(f, x)
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is a C2 embedded disk, tangent to Ecs in our setting. The importance
of the stable sets is that if, for some x ∈ M , continuous ϕ : M → R, the
forward Birkhoff average
ϕ+(x) := lim
n→∞
1
n
n−1X
k=0
ϕ(fk(x))
exists, then it also exists, and coincides, for every y ∈ W s(x), i.e. ϕ+(y) =
ϕ+(x). Similarly for W
u(x) and averages in backword time. However,
W s(x) and W u(x) are sets about which we know very little in general. In
particular, it is not clear whether there is a natural way to talk about the
size of W s(f, x). It is therefore more convenient to work with the global
stable manifold of x:
W ugl(f, x) :=
[
n≥0
fn(W uloc(f
−n(x))) ⊂W u(f, x).
It is an immersed, rather than embedded manifold, and it is known from
Pesin’s work that W ugl(x) can be characterised as the set of those y ∈ M
for which d(fn(x), fn(y)) converge to zero exponentially fast. Everything
we define, state, or prove about local or global unstable manifolds has
a counterpart for local or global stable manifolds and vice verse. The
necessary notation and terminology should be obvious and we will not
always bother to mention it.
Even though the rate of convergence of d(fn(x), fn(y)) is irrelevant
to the Hopf-Anosov argument, we shall concern ourself with the structure
of W ugl(f, x) rather than W
u(f, x). Being a countable union of nested
embedded disks, the former is simply much more tangible. We are going
to define a notions of size of W uloc(f, x), called the span and the essential
span. For the purpose of this introduction, it suffices to say that W s(f, x)
has span (at least) δ > 0 if it contains a round disk (intrinsic ball) of
radius δ, centered at x. In the case of essential span, we allow the disk to
be perforated by little holes of zero measure (see Definition 2.5). Thus,
in order to say something general about the size of W ugl(x) for Lebesgue
almost every x, we should find a way to approach the following question:
Problem 1.2. What condition guarantees that most (Lebesgue almost all)
local unstable (stable) manifolds grow under forward (backward) iteration
of the diffeomorphism?
Some clarification is called for. It is not difficult to show that, given any
non-uniformly Anosov diffeomorphism f , and Lebesgue almost any point
x ∈ M , the volume of fn(W uloc(x)) grows exponentially fast as n → ∞.
The problem is how it grows. If the growth resembles that of an inflating
balloon, one finds that, for large values of n, the larger part (in terms
of volume) of points in fn(W uloc(x)) admit a ball of some fixed radius
δ > 0, entirely contained in fn(W uloc(x)). We prove that this is sufficient
to guarantee Lebesgue almost everywhere uniform span of global unstable
manifolds. If, on the other hand, the growth of fn(W uloc(x)) resembles that
of a growing worm or — even worse — a growing tree, the same cannot
be said. Hence the first type of growth is the desired one when proving
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ergodicity. Motivated by this balloon vs. tree thinking, we define the
following notion: f is said to be cu-inflatable ifZ
log | detDf|Ecux |dm > log
„
sup
x∈M
‖ ∧dimE
cu−1 Df|Ecux ‖
«
. (4)
Here ‖∧dimE
cu−1Df|Ecux ‖ denotes the maximum expansion rate, under
the action of Df , of the volume of a cu − 1-dimensional parallelpiped
contained in Ecux . Roughly, the cu-inflatability condition says that the
average expansion, of a cu-dimensional volume element in Ecu, is larger
than the maximum expansion of a (cu−1)-dimensional volume element in
Ecu. However, the presence of logarithms in inequality (4) means that we
ask for slightly more than that. The notion of cs-inflatability is defined
analogously. If a non-uniform Anosov diffeomorphism is both cs- and
cu-inflatable, we say that it is bi-inflatable.
We prove:
• cu-inflatability of a non-uniformly Anosov diffeomorphism implies
the existence of at least one ergodic component on which Lebesgue
almost every point has a global unstable manifold of infinite (arbi-
trarily large) essential span.
• Similarly, cs-inflatability implies the existence of at least one ergodic
component on which Lebesgue almost every point has a global stable
manifolds of infinite essential span.
• If some ergodic component has, Lebesgue almost everywhere, both
global stable and global unstable manifolds of uniform essential span,
then the component has full Lebesgue measure, so that the diffeo-
morphism is ergodic.
• This situation persists under small C1 perturbations, so the diffeo-
morphism is, in fact, stably ergodic.
• Transitivity of a bi-inflatable non-uniformly Anosov diffeomorphism,
with Ecu plaque uniquely integrable, implies stable ergodicity.
• On tori, stable ergodicity can also be guaranteed for bi-inflatable
non-uniformly Anosov diffeomorphisms by assuming the subbundles
Ecu and Ecs to be approximately constant.
• If f is a non-uniformly Anosov diffeomorphism for which one of the
Eσ, σ = cs, cu, is uniformly contracting/expanding, and the other
one is inflatable, then f is stably ergodic.
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2 Precise statement of results
Throughout this paper, M denotes a compact connected Riemannian
manifold. Its dimension is required to be at least two, but interesting
examples only appear in dimension greater than or equal to 3. The vol-
ume form obtained from the Riemannian metric induces a measure on
the Borel σ-algebra. We denote its normalisation by m and refer to it as
Lebesgue measure. As usual, Diff2m(M) stands for the space of all volume
preserving C2-diffeomorphisms on M , endowed with the C2 topology. A
diffeomorphisms f ∈ Diff2m(M) is said to be ergodic if m is an ergodic
measure for f . Furthermore, f ∈ Diff2m(M) is said to be stably ergodic if
there exists a C1-neighbourhood U of f such that every g ∈ U ∩Diff2m(M)
is ergodic.
Definition 2.1. We say that f ∈ Diff2m(M) admits a dominated splitting
if we can write TM = Ecs ⊕ Ecu, where Ecs and Ecu are non-trivial
complementary subbundles, invariant under the action of Df :
Df(x)Ecsx = Ef (x)
cs ∀x ∈M, (5)
Df(x)Ecsx = Ef (x)
cs ∀x ∈M, (6)
and if there exist numbers C > 0, 1 > τ > 0, such that, at every x ∈M ,
‖Dfn|Ecsx ‖ · ‖(Df
n
|Ecux
)−1‖ ≤ Cτn ∀n ≥ 0. (7)
Let DS ⊂ Diff2m(M) denote the space of all C
2 volume preserving
diffeomorphisms onM , admitting a dominated splitting TM = Ecs⊕Ecu.
It is a well-known consequence of the uniform domination property (7)
that x 7→ Ecsx and x 7→ E
cu
x are continuous. Hence, by compactness of
M , there is a uniform (in x) lower bound on the angle between Ecsx and
Ecux . The labels cs and cu stand for ‘central stable’ and ‘central unstable’
(bundle), and are also used to denote the dimensions of these bundles.
For f ∈ DS , there is often more than one choice of dominated splitting,
but it becomes unique once we fix the dimension of (say) Ecs. Throughout
this paper we shall therefore treat cs as a fixed integer 1 ≤ cs ≤ d− 1 so
that there is no harm in talking about the dominated splitting Ecs⊕Ecu =
Ecs(f) ⊕ Ecu(f) of f ∈ DS. By characterising dominated splittings in
terms of invariant conefields, one can see that Ecs(f) and Ecu(f) persist
under small C1-perturbations of f . That is, if g ∈ Diff2m(M) is close
enough to f in the C1 topology, then g has a dominated splitting TM =
Ecs(g) ⊕ Ecu(g) with dimEσ(g) = dimEσ(f) for σ = cs, cu, and with
the Eσ(g) close to the Eσ(f) in corresponding Grassmannian bundles. In
particular, DS is open, not only in the C2-, but also in the C1-topology.
Definition 2.2. We say that f ∈ Diff2m(M) is non-uniformly Anosov,
and write f ∈ NA, if f admits a dominated splitting TM = Ecs ⊕ Ecu
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such that the asymptotic conditions
λcs(f, x) := lim sup
n→∞
1
n
log ‖Dfn|Ecsx ‖ < 0 (8)
and
λcu(f, x) := lim sup
n→∞
1
n
log ‖Df−n|Ecux ‖ < 0 (9)
are satisfied at m-almost every x ∈M .
We state a version of Pesin’s stable manifold theorem, adapted to our
context. Given f ∈ NA, we denote by H = H(f) the set of hyperbolic
points, i.e. those x ∈M for which (8) and (9) hold.
Theorem 2.3 (Pesin [9]). Given f ∈ NA and sufficiently small r0 > 0,
there exists a positive measurable function r : H → R, with
lim
n→±∞
1
n
log r(fn(x)) = 0,
and such that, for every x ∈ H,
W sloc(x) := {y ∈M :d(f
n(x), fn(y)) < r0 and (10)
lim
n→∞
1
n
log d(fn(x), fn(y)) < 0}, (11)
W uloc(x) := {y ∈M :d(f
−n(x), f−n(y)) < r0 and (12)
lim
n→∞
1
n
log d(f−n(x), f−n(y)) < 0} (13)
are C2 embedded disks, tangent to Ecs and Ecu respectively, given by
W sloc(x) := expx(graph(ψ
s
x)), W
u
loc(x) := expx(graph(ψ
u
x )),
where ψsx : E
cs
x (r0) → E
cu
x and ψ
u
x : E
cu
x (r0) → E
cs
x are C
2 maps with
both Dψsx(0) and Dψ
u
x (0) of zero rank.
Given a C1 immersed submanifold N ⊂ M we can restrict the Rie-
mannian metric of M to N to obtain a family of inner products {〈·, ·〉Np :
p ∈ N}, depending continuously on p ∈ N . With some abuse of lan-
guage we call it a Riemannian metric, even though it is not (necessar-
ily) smooth, and denote by mN the (not normalised) volume measure on
N inherited by it. We consider mN as a measure on M by the obvi-
ous way by letting mN (E) := mN (E ∩ N) for every Borel set E ⊂ M .
The total mas mN (M) = mN(N) of mN is denoted by |mN |. The in-
trinsic distance in N is denoted by dN(·, ·) and, for δ > 0, we write
BNδ (x) := {y ∈ N : d
N(x, y) < δ}. Note that if N is an immersed sub-
manifold which is not actually a submanifold, the topology on N induced
by the metric dN (·, ·) does not have to coincide with that induced by
considering N as a subset of M .
Let D1, and D2 be cs-dimensional C
1-submanifolds transverse to Ecu,
Λ ⊂ H , and W = {Wx := W
u
loc(x) : x ∈ Λ} a family of local stable
manifolds intersecting each Di, i = 1, 2 in exactly one point. We may
then define the holonomy map h, associated to (W, D1, D2) by
h : {D1 ∩Wx : x ∈ Λ} → {D2 ∩Wx : x ∈ Λ} (14)
D1 ∩Wx 7→ D2 ∩Wx. (15)
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Theorem 2.4 (Pesin [9]). The holonomy map h associated to (W, D1, D2)
maps sets of zero mD1-measure into sets of zero mD2-measure.
Naturally there is an analogue for the holonomy map associated to
local stable manifolds.
Definition 2.5. We say that a k-dimensional C1-immersed submanifold
N ⊂M , k = 1, . . . d, has k-span δ > 0 around p ∈ N if for every ǫ > 0
BNδ (x) \B
N
δ−ǫ(x) = {y ∈ N : δ − ǫ < d
N (x, y) < δ} (16)
is homeomorphic to the annulus
{z ∈ Rcu : 1 < ‖z‖ < 2}. (17)
A Borel subset E ⊂ M has essential k-span δ > 0 around x if there
exists a C1-immersed k-dimensional submanifold N ⊂ M of such that N
has span δ, x ∈ N , and
mN(E ∩B
N
δ (x)) = mN (B
N
δ (x)).
If W ugl(x) has cu-span δ around x, we say that x has an unstable man-
ifold of span δ. If W ugl(x) has essential cu-span δ around x, we say that x
has an essential unstable manifold of span δ.
If W ugl(x) has span (or essential span) δ for every δ > 0 we say that
W ugl(x) has infinite span (or essential span).
The same definitions carry over verbatim to the case of stable mani-
folds. Sometimes the term full stable or unstable manifold will be used
instead of stable or unstable manifolds to add more contrast to essential
stable or unstable manifolds.
The requirement that (16) be homeomorphic to (17) is a way to make
precise the statement that W ugl(x) contains a disk of radius δ around x.
It can be explained as follows: Let Γ = {(x, y) ∈ R2 : y > 0} ⊂ R2 be
endowed with the usual Euclidian metric. Since Γ is a subset of R2, it is
meaningful to consider the set
Γ1 = {p ∈ Γ : B
R
2
1 (p) ⊂ Γ},
i.e. Γ1 = {(x, y) ∈ R
2 : y ≥ 1}, or the set of points with distance at least
1 form ∂Γ. However, if Γ is viewed intrinsically rather than as the subset
of R2, then the definition of Γ1 becomes meaningless. Nor does Γ possess
any boundary. However, by defining Γ1 as the set
{p ∈ Γ : BΓ1 (p) \B
Γ
1−ǫ(p) is homeomorphic to the annulus},
one finds that Γ1 is, again, equal to {(x, y) ∈ R
2 : y ≥ 1}.
Given a positive Lebesuge measure set A ⊂ M , we denote by mA the
normalised restriction of Lebesgue measure to A. ( The reader should
be aware that the notation mS means two different things depending on
whether S is a submanifold ofM or a Borel subset of positivem-measure.)
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Definition 2.6. Let f ∈ DS. An f-invariant Borel set A of positive
Lebesgue measure is cu-inflatable if, for some n ≥ 1,Z
log |detDfn|Ecux |dmA > log
„
sup
x∈M
‖ ∧cu−1 Dfn|Ecux ‖
«
,
Similarly, A is cs-inflatable if, for some n ≥ 0,Z
log |detDf−n|Ecsx |dmA > log
„
sup
x∈M
‖ ∧cu−1 Df−n|Ecsx ‖
«
.
If A is both cs- and cu-inflatable we say that A is bi-inflatable. If M is
cs-, cu-, or bi-inflatable, we attribute this property to the diffeomorphism
itself by saying that f is cs-, cu-, or bi-inflatable, respectively.
Remark 2.7. Being cu-, cs-, or bi-inflatable, are C1-open conditions on
diffeomorphisms in DS.
We say that an f -invariant ergodic measure is an ergodic component of
m if it is the restriction of m to some set of positivem-measure. Any set A
giving rise to an ergodic component mA in this fashion is uniquely defined
up to a set of zero m-measure. It is therefore quite harmless to refer to A
as an ergodic component. Sometimes we say that A is a representation of
mA. Pesin’s spectral decomposition theorem [10] implies that, for every
f ∈ NA, one can write M as the union of a finite or countable number
of pairwise disjoint f -invariant sets Ai, with m(Ai) > 0, all of which
represent ergodic components mAi .
Theorem 2.8 (Main technical result). Let f be a non-uniformly Anosov
diffeomorphism on M , and A one of its ergodic components. Suppose that
A is cu-inflatable, then m-almost every x ∈ A has an essential unstable
manifold of infinite span. If, moreover, dimEcu ≤ 2, then m-almost every
x ∈ A has a full unstable manifold of infinite span.
Remark 2.9. Notice that we have not claimed that the global unstable
manifolds obtained in Theorem 2.8 vary continuously in any sense, and it
is not clear from our construction whether that is the case. The problem
of continuity is intimately related to integrability of Ecu and should ex-
plain why we need the assumption of integrability in Proposition 2.14 and
Theorem 2.16.
As an immediate consequence, we get:
Corollary 2.10. Suppose f ∈ NA is cu-inflatable. Then f has at least
one cu-inflatable ergodic component, A say. Hence m-almost every x ∈ A
has an essential unstable manifold of infinite span.
Given some bi-inflatable f ∈ NA, we know from Corollary 2.10 that
it has at least one cu-inflatable ergodic component, say Acu, and at least
one cs-inflatable component, say Acs. By the following proposition, the
problem of ergodicity of f reduces to establishing under what condition
the two components coincide.
Proposition 2.11 (First auxillary result). Let f ∈ DS and suppose there
exists a Borel set A ⊂M of positive Lebesgue measure with f|A ergodic and
such that, at m-almost every x ∈ A, λcs+ (x) < 0 and λ
cu
− > 0. Suppose,
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furthermore, that for some δ > 0, m-almost every x ∈ A has an essential
stable and unstable manifold of span δ. Then m(A) = 1 so that f is
ergodic.
We will soon give conditions that imply the existence of a bi-inflatable
component, hence ergodicity. Once ergodicity is obtained, stable ergod-
icity follows automatically from the second auxiliary result. Denote by E
the set of ergodic diffeomorphisms in Diff2m(M), by BI the subset of DS,
consisting of bi-inflatable diffeomorphisms.
Proposition 2.12 (Second auxillary result). The set E ∩BI∩NA is open
in the C1 topology.
2.1 Stable ergodicity through transitivity
It is an interesting problem to understand under what conditions transi-
tivity of a conservative diffeomorphism implies that it is ergodic. In fact,
it was conjectured by Tahzibi in [15] that every transitive non-uniformly
Anosov diffeomorphism is ergodic. Although the conjecture remains enig-
matic in its full generality, our current approach sheds some light on the
question in the case of inflatable systems.
If f ∈ NA is bi-inflatable, it has an ergodic component Acs on which
m-almost every point has a stable manifold of infinite span, and an er-
godic component Acu on which m-almost every point has an unstable
manifold of infinite span. If we knew that both Acs and Acu are open,
then transitivity of f would imply that Acs = Acu. Hence, by Proposition
2.11 and Proposition 2.12, it would follow that f is stably ergodic. Since
Acs and Acu are saturated by stable/unstable manifolds of uniform span,
there is great hope that they are indeed open, as was pointed out to me
by Alexander Arbieto during an early exposition of this work. However,
we do not know whether that is necessarily the case, the main difficulty
being that we do not know whether, given δ > 0, the stable (unstable)
manifolds of span δ, associated to x ∈ Acs (Acu) vary continuously with x
(see Remark 2.9). The remedy is to assume a suitable kind of integrability
of the invariant bundles. The kind of integrability that in a natural way
implies continuous dependence of essential stable and unstable manifolds
is the one that the authors in [5] call plaque unique integrability.
Definition 2.13. We say that a continuous distribution E of k-planes
in M is plaque uniquely integrable if there exists a foliation F of M into
k-dimensional immersed manifolds tangent to E, and such that, if D is
any k-dimensional disk tangent to E, then D is contained in some leaf of
F.
It is shown in [12] that this notion is stronger than simply asking for
the uniqueness of integral foliation to a given continuous subbundle of
TM . The good thing about having Ecu plaque uniquely integrable is that
the essential unstable manifold of a point x ∈M of span δ > 0 is the ball
of radius δ around x in the unique leaf of the foliation, containing x.
Proposition 2.14. Suppose that the central-unstable bundle of f ∈ NA
is plaque uniquely integrable. Then every cu-inflatable ergodic component
is open, modulo a set of zero Lebesgue measure.
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Proof. Let A be a cu-inflatable ergodic component of some f ∈ NA for
which Ecu is plaque uniquely integrable. Fix δ > 0 and pick any p ∈
M such that mWu
loc
(p)-almost every point x ∈ W
s
loc(p) has an essential
unstable manifold Γx of span δ and such that mWu
loc
(p)-almost every x ∈
W uloc(p) is backward generic for mA, in the sense that
ϕ−(x) := lim
n→∞
1
n
n−1X
k=0
f−k(x) =
Z
ϕ dmA
for every continuous ϕ : M → R. (See Lemma 3.1 and Corollary 3.4 for
justification of why such p exists.)
By plaque unique integrability of Ecu, to every x ∈W sloc(p) there is a
unique immersed submanifold Fx of M , passing through x, and tangent
to Ecu. Write Fx(δ) for the ball, in Fx, of radius δ around x and Up =S
x∈Ws
loc
(p) Fx(δ). Then Up is an open set and we claim that A has full
Lebesgue measure in Up. Suppose that is not the case. Then there is some
other ergodic component B with positive Lebesgue measure in Up. Pick
q ∈ M admitting a local unstable manifold such that mWu
loc
(q)-almost
every y ∈W uloc(q) has a local stable manifold W
s
loc(y) on which mWsloc(y)-
almost every point is backward generic for mB. Let Vq be the union
of local stable manifolds of such points. Now, by absolute continuity of
Pesin’s local stable manifolds, there is an open set V ⊂ W sloc(p) such
that mFx(δ)(Vq) > 0 for every x ∈ V . But for mWsloc(p)-almost every x,
mΓx(A) = |mΓx | so that mΓx(Vp) ≤ mΓx(B) = 0. Since Fx(δ) coincides
with Γx this contradicts the existence of B.
Corollary 2.15. Let f be a bi-inflatable non-uniformly Anosov diffeomor-
phism for which both the central-stable and the central-unstable bundles are
plaque uniquely integrable. Then f is stably ergodic.
Proof. Any diffeomorphism f satisfying the hypothesis of the corollary
has at least one cs-inflatable ergodic component Acs and at least one cu-
inflatable ergodic component Acu. By Proposition 2.14, both of them
are open, modulo a set of zero Lebesgue measure. Transitivity of f thus
implies that m(Acs ∩Acu) > 0. But since f|Acs and f|Acu are ergodic, we
must have Acs = Acu up to a set of zero Lebesgue measure. Hence, by
Proposition 2.11 and Proposition 2.12, f is stably ergodic.
It turns out that it suffices to assume plaque unique integrability of
one of the subbundles in order to obtain ergodicity and stable ergodicity.
As usual we give only one of the statements, the other being completely
analogous.
Theorem 2.16. Let f be a transitive, cu-inflatable, non-uniformly Anosov
diffeomorphism for which the central-unstable bundle is plaque uniquely
integrable. Then f is ergodic. If in addition f is cs-inflatable, then f is
stably ergodic.
Proof. Let f ∈ NA be transitive, cu-inflatable, with plaque uniquely in-
tegrable central-unstable bundle. Then, by Theorem 2.8 and Proposi-
tion 2.14, there exists an ergodic component A, open up to a set of zero
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Lebesgue measure, on which Lebesgue almost every point admits an es-
sential unstable manifold of infinite span. Suppose that m(A) < 1, so
that f has some other ergodic component, B say. Pick p ∈M admitting a
local unstable manifold on which mWu
loc
(p)-almost every point has a local
stable manifold and is forward generic for mB. That is,
ϕ+(x) := lim
n→∞
1
n
n−1X
k=0
fk(x) =
Z
ϕ dmB
for every continuous ϕ : M → R and mWu
loc
(p)-almost every x ∈ W
u
loc(p).
Let Vp denote the union of the local stable manifolds of such points. Since
A is open and dense, there exists a sequence of points qn → p such that
every qn has an essential unstable manifold Γqn of span δ for some fixed
δ > 0 and such that mΓqn (A) = |mΓqn |. But it follows from absolute
continuity of the stable foliation that, for all n sufficiently large, we must
have mΓqn (B) ≥ mΓqn (Vp) > 0, contradicting the existence of B.
If f is cs-inflatable, it follows directly from Theorem 2.8 and Proposi-
tion 2.12 that f is stably ergodic.
We do not know whether the plaque unique integrability assumption
is necessary. It would be superfluous if the unstable essential manifolds
vary continuously. In particular, it would be superfluous if it turns out
that the invariant subbundles of a non-uniformly Anosov diffeomorphism
are always plaque uniquely integrable.
Problem 2.17. Let f be a non-uniformly Anosov diffeomorhpism. What
can we say about the integrability of Ecs and Ecu?
2.2 Stable ergodicity through Partial Hyperbol-
icity
We say that f ∈ DS is partially hyperbolic if either Ecs is uniformly
contracting, i.e. there exists C > 0, 0 < τ < 1 such that
‖Dfn|Ecsx ‖ ≤ Cτ
n ∀x ∈M, n ≥ 0,
or if Ecu is uniformly expanding, i.e. there exists C > 0, 0 < τ < 1 such
that
‖Df−n|Ecux ‖ ≤ Cτ
n ∀x ∈M, n ≥ 0.
The two notions are interchanged upon replacing a diffeomorphism
by its inverse, and we shall therefore content ourselves by consider the
former. In this case we write TM = Es⊕Ecu for the partially hyperbolic
splitting.
It is well-known (see [7]) that if f ∈ DS has a partially hyperbolic
splitting TM = Es⊕Ecu, then Es is plaque uniquely integrable and every
x ∈ M has a local stable manifold of uniform span. The existence of a
cu-inflatable ergodic component is therefore enough to obtain ergodicity.
From Corollary 2.10, together with the first and second auxiliary results
(Proposition 2.11 and Proposition 2.12) we get:
Theorem 2.18. Suppose that f ∈ NA is cu-inflatable and admits a par-
tially hyperbolic splitting Es ⊕ Ecu. Then f is stably ergodic.
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2.3 Stable ergodicity through global product struc-
ture
Another way to guarantee the existence of a bi-inflatable ergodic compo-
nent for a diffeomorphism f ∈ NA is by requiring global product structure.
It is a useful condition when constructing examples, because it is checkable
for derived-from-Anosov diffeomorphisms.
Definition 2.19. We say that f ∈ DS has global product structure if
there exists K > 0 such that, given any cs-dimensional disk D1 of tangent
to Ecs of span K, and any cu-dimensional disk D2 tangent to E
cu of span
K, we have D1 ∩D2 6= ∅.
Theorem 2.20. Let f be a bi-inflatable non-uniformly Anosov diffeo-
morphism with global product structure. Suppose, moreover, that either
dimEcs or dimEcu (or both) is at most bi-dimensional. Then f is stably
ergodic.
Proof. Let f be as in the theorem, and let Acs and Acu be cs- and cu-
inflatable components of f . Our aim is to show that Acs = Acu up to a
set of zero Lebesgue measure. Suppose, without loss of generality, that
dimEcs ≤ 2. Then there exists (see Lemma 3.1 and Corollary 3.4 for
justification) some p ∈ M , admitting a local unstable manifold W uloc(x)
in which there is a full mWu
loc
(p)-measure set Λ such that every x ∈ Λ
is forward generic for Acs and has a full stable manifold Γ
s
x of span K.
Moreover, there exists q admitting an essential unstable manifold Γuq of
span K and such that mΓuq -almost every y ∈ Γ
u
q is forward generic for
Acu. By the local product structure, every Γ
s
x, x ∈ Λ intersects Γ
u
q in at
least one point. In particular, there exists some n ≥ 0 such that
Λn := {x ∈ Λ : f
−n(W sloc(f
n(x))) ∩ Γuq 6= ∅}
has positive mWu
loc
(p)-measure. By absolute continuity of Pesin’s local
stable manifolds, this implies that
mΓuq
 [
x∈Λn
f−n(W sloc(f
n(x)))
!
> 0,
showing that Acs = Acu. Hence by the first and second auxiliary results
(Proposition 2.11 and 2.12), f is stably ergodic.
Example 2.21. In order to bring more life to the notion of global product
structure, we describe a concrete situation in which it is present. Suppose
that f : Tn → Tn has a dominated splitting TTn = Ecs ⊕ Ecu with
the following property: there exist constant conefields Scs, Scu ⊂ TTn,
containing Ecs and Ecu respectively, such that Scsp ∩ S
cu
p = {0} for some
(hence all) p ∈ Tn. Then clearly f has a global product structure.
3 Proof of the main technical result
We dedicate the whole of this section to the proof of Theorem 2.8. We
start by describing a way of decomposing Lebesgue measure into smooth
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measures along local stable and unstable manifolds, quite different from,
and more suitable to our needs, than the well known disintegration of
Rohlin into measures on elements of measurable partitions. The reason
for doing this is that the families Wσ = {Wloc(x)
σ : x ∈ H}, σ = s, u, are
not partitions (if y ∈ W uloc(x), then W
u
loc(x) ∩W
u
loc(y) 6= ∅ but W
u
loc(x) 6=
W uloc(y)). A natural disintegration of m into smooth measures on local
unstable manifolds should therefore not yield a family of mutually singular
measures.
3.1 Non-singular disintegration
Recall that H denotes the set of hyperbolic points, i.e. those x ∈ M
for which (8) and (9) hold. For x ∈ H we write mux = mWu
loc
(x). Let
M(M) denote the space of positive finite Borel measures on M , endowed
with the weak*-topology. Consider some ν ∈ M(M) and a mapping
M ∋ x 7→ νx ∈ M(M) such that for every continuous ϕ : M → R,
x 7→
R
ϕdνx is measurable. We can then define the integral
R
νxdν(x) to
be the unique measure µ, satisfyingZ
ϕdµ =
Z „Z
ϕdνx
«
dν(x), ∀ ϕ ∈ C0(M,R). (18)
Proposition 3.1. There exists a family of measures {m˜ux : x ∈M}, with
• m˜ux ∼ m
u
x for m-almost every x,
•
R
m˜ux dm(x) = m.
Clearly the same result is true upon replacing u with s.
Proof. Let µ :=
R
muxdm(x). As a consequence of absolute continuity
of Pesin’s unstable holonomies, we have µ ∼ m. Hence, by the theo-
rem of Radon Nikodym, there exists ρ ∈ L1(M,m), positive m-almost
everywhere, such that
µ(E) =
Z
E
ρ dm for every Borel set E ⊂M.
For x ∈ H , let φx : W
u
loc(x) → R to be the restriction of ρ
−1 to
W uloc(x) and take m˜
u
x = φxm
u
x. Note that the family φx is well defined in
the following sense: If ρ′ = ρ m-almost everywhere, and φx
′ = ρ′
−1
|Wu
loc
(x),
then φx
′ = φx m
u
x-almost everywhere, for m-almost every x. Indeed, the
formula Z
mux({ρ
′ 6= ρ})dm(x) = µ({ρ′ 6= ρ}) = 0
implies that mux({ρ
′ 6= ρ}) = 0 m-almost everywhere.
Our choice of the family φx now immediately gives that
m(E) =
Z
χEdm =
Z
χE
ρ
dµ =
Z „Z
χE(y)
ρ(y)
dmux(y)
«
dm(x) (19)
=
Z „Z
E
φxdm
u
x
«
dm(x) =
Z
m˜ux(E) dm(x) (20)
for every Borel set E ⊂M .
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Remark 3.2. Proposition 3.1 may be seen as an adaptation of the dis-
integration technique used in [1]. However, the proof given here is more
concise and calls for abstraction: if M ∋ x 7→ νx ∈ M(M) is a mea-
surable family such that
R
νx dν(x) ∼ ν, then there exists a measurable
family M ∋ x 7→ ν˜x ∈ M(M), such that ν˜x ∼ νx ν-almost everywhere,
and
R
ν˜x dν(x) = ν (same proof).
Corollary 3.3. Let f ∈ NA, and let S be any Borel set of full Lebesgue
measure. Denote by S∗ the set of points x ∈M such thatW uloc(x) intersect
S in a set of full mux-measure. Then m(S
∗) = 1.
Proof. Proposition 3.1 gives
m(S) =
Z
m˜ux(S)dm(x) = 1,
whence it follows that m˜ux(S) = |m˜
u
x| for m-almost every x ∈ H . The
statement follows since m˜ux ∼ m
u
x for m-almost every x ∈M .
Corollary 3.4. Let f ∈ NA and suppose that A ⊂M is (a representative
of) an ergodic component of f . Let B be any Borel set with m(A△B) = 0.
Then mux(B) = |m
u
x| for m-almost every x ∈ A.
Proof. Consider the Borel set
A− = {x ∈M : lim
n→∞
1
n
n−1X
k=0
ϕ(f−k(x)) =
Z
ϕ dmA ∀ϕ ∈ C
0(M,R)}.
By ergodicity of mA we have m(A△A−) = 0, so that A− is just another
representative of A− with the special property that W
u
loc(x) ⊂ A− for
every x ∈ A−. In particular, m
u
x(A−) = |m
u
x| for every x ∈ A−. Applying
Proposition 3.1, we get
0 = m(B △A−) =
Z
m˜ux(B △A−)dm(x),
so that m˜ux(B △ A−) = 0 at m-almost every x ∈ M . In particular,
m˜ux(B) = |m˜
u
x| for m-almost every x ∈ A. The proof follows since m
u
x ∼
m˜ux for m-almost every x ∈M .
3.2 A geometric estimate
At the heart of the proof of Theorem 2.8 lies a simple, yet powerful,
geometric estimate. Its intuitive content is that if the volume of a manifold
with boundary is much larger than the volume of its boundary, then most
points in the manifold see nothing or a very small portion of the boundary
in its proximity. Despite its simplicity, it constitutes the most important
step in understanding how inflatablility yields essential stable or unstable
manifolds of a desired span.
Recall from section 2 that we take Riemannian manifold to mean a C1
manifold with a continuous metric.
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Definition 3.5. Let D be a d-dimensional Riemannian manifold, possibly
with boundary. We say that K > 0 is a bound for the geometry of D, at
level δ > 0, if mD(B
D
δ (p)) ≤ K for every p ∈ D.
Proposition 3.6. Let D be a compact manifold with boundary, whose
geometry at level δ is bounded by K. Denote by θ : D → R the map
p 7→ m∂D(B
D
δ (p)) i.e. that which measures how much of the boundary of
D is seen in the ball of radius δ, centered at p. Then we haveZ
θ dmD ≤ K|m∂D|.
Proof. The proof consists of one simple trick. By applying Fubini’s theo-
rem on the product space (D × ∂D,mD ×m∂D) we obtainZ
θ dmD =
Z „Z
χ{(x,y)∈D×∂D:d(x,y)<δ}dm∂D(y)
«
dmD(x) (21)
=
Z „Z
χ{(x,y)∈D×∂D:d(x,y)<δ}dmD(y)
«
dm∂D(x) (22)
=
Z
mD(Bδ(y))dm∂D(y) ≤ K|m∂D| (23)
as required.
3.3 Small sight of the boundary
It is a consequence of the compactness of M and continuity of the Eσ,
σ = s, u, that, given any δ > 0, there exists K > 0 such that every
manifold D (with or without boundary), tangent to either of Ecs or Ecu,
has geometry bounded by K at level δ. Given any x ∈ H and n ≥ 0, we
write Dx,n = fn(W uloc(x)), D
◦
x,n = f
n(W uloc(x)), and define
θx,n : Dx,n → R (24)
p 7→ m∂Dx,n(Bδ(p)). (25)
For any real h > 0, let Gx,n,h = {y ∈ D
◦
x,n : θx,n(y) < h}. When
considering a small value of h, points in Gx,n,h are good in the sense that
their δ-neighbourhood see only a small piece of ∂Dx,n. Consequently,
the open ball B
D◦x,n
δ (p), centered at p ∈ Gx,n,h, is nearly a ‘full disk’,
consisting only of points in the global unstable manifold W ugl(p) of p.
To prove Theorem 2.8 we define a set of full Lebesgue measure in A on
which every point admits an essential unstable manifold of uniform span.
The set we consider is
G =
\
h>0
[
n≥0
[
x∈H∩A
Gx,n,h.
Lemma 3.7. The set G has full Lebesgue measure in A.
Before proving Lemma 3.7 we establish an auxiliary result. Write
Ξcun (f) := log
„
sup
x∈M
‖ ∧cu−1 Dfn|Ecux ‖
«
.
Notice that Ξcun (f) is sub-additive, i.e. Ξ
cu
n+m(f) ≤ Ξ
cu
n (f) + Ξ
cu
m (f) for
all n,m ≥ 0.
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Lemma 3.8. Given any x ∈ H and h > 0 we have
lim sup
n→∞
1
n
logmDx,n(G
c
x,n,h) ≤ inf
n≥0
Ξcun (f)
n
.
Proof. By Chebychev’s inequality we have
mDx,n(G
c
x,n,h) ≤
1
h
Z
θx,n dmDx,n ≤
K
h
|m∂Dx,n |.
The proof follows since |m∂Dx,n | ≤ |m∂Dx,0 |e
Ξcun (f).
Proof of Lemma 3.7. We write Fh,n,x = f
−n(Gh,n,x) and
Fh,n =
[
x∈H∩A
Fh,n,x, Fh =
[
n≥0
Fh,n, F =
\
h>0
Fh.
Notice that since f is conservative, we have m(Fh,n) = m(f
−nGh,n) =
m(Gh,n). So in order to prove the Lemma, it is sufficient to establish that,
for all h > 0,
lim
n→∞
m(Fh,n) = m(A). (26)
For then m(Fh) = m(A) for every h > 0 and the proof follows by inter-
secting Fh over all positive rational values of h. Furthermore, (26) will be
proved once we have shown that, given any h > 0, and m-almost every
x ∈ H ∩A, we have
lim
n→∞
mux(Fh,n,x) = |m
u
x|. (27)
For then we may use the disintegration from Proposition 3.1 to conclude
that
m(Fh,n) =
Z
m˜ux(Fh,n) dm(x) ≥
Z
A
m˜ux(Fh,n,x) dm(x) (28)
→
Z
A
|m˜ux|dm(x) = m(A) as n→∞, (29)
by the Dominated Convergence Theorem.
We will prove (27) by contradiction. But first let us determine the set
of points on which (27) holds. For n ≥ 0 write ξcun (f, x) = log |detDf
n
|Ecux
|
and let
B = {x ∈ A ∩H : lim
n→∞
1
n
ξcun (x) =
Z
ξcu0 dmA}.
By Corollary (3.4), the set B∗ = {x ∈ B : m˜cux (B) = |m˜
cu
x |} has full
Lebesgue measure in A. The claim is that (27) holds for every x ∈ B∗.
Suppose it is false. Then, noticing that {F ch,n,x}n≥0 is a decreasing se-
quence in n, we must have hat mux(Eh,x) > 0 for some x ∈ B
∗, where
Eh,x =
T
n≥0 F
c
h,n,x. We simplify notation in the next calculation by
writing µ = mux, E = Eh,x, and µE for the normalised restriction of µ to
E. Application of Jensen’s inequality gives
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lim inf
n→∞
1
n
logmDx,n(G
c
x,n,h) ≥ lim inf
n→∞
1
n
log
Z
E
| detDfn|Ecuy | dµ(y) (30)
≥ lim inf
n→∞
Z
1
n
ξcun dµE +
1
n
log µ(E) (31)
≥
Z
ξcu0 dmA > inf
n≥0
Ξcun (f)
n
, (32)
contradicting Lemma 3.8.
3.4 Construction of essential unstable manifolds
In this section we prove that every x ∈ G has an essential unstable mani-
fold Γx of uniform span δ, for some small δ > 0. Once that is done, it is
a small step to show that m-almost every x ∈ A has an essential unstable
manifold of infinite span. Indeed, we may write G1 = {x ∈ G : mΓx(G) =
|mΓx |}, G
2 = {x ∈ G1 : mΓx(G
1) = |mΓx |} etc., and G
∞ =
T
n≥1G
n. By
Corollary 3.4, each Gn has full Lebesgue measure in A, and so has G∞.
Now pick x ∈ G∞. Then
Γ(1)x :=
[
y∈Γx∩G∞
Γy
is an essential unstable manifold of span 2δ,
Γ(2)x =
[
y∈Γ
(1)
x ∩G
∞
Γy
is an essential unstable manifold of span 3δ etc.
We show that every x ∈ G has an essential unstable manifold of uni-
form span by taking some small ρ > 0 and defining a C1 map ψx from
Ecux (ρ) (the ball of radius ρ in E
cu
x , centered at the origin) to E
cs
x such
that Γx := expx(graphψx) is an essential unstable manifold. All we re-
quire from ρ is that graphψx must be in the domain of definition of expx
and will depend only on how much Ecu varies in exponential charts.
Denote by π : Ecux ×E
cs
x → E
cu
x the projection onto the first coordinate,
and by Cx the deformed cylinder expx(E
cu
x (ρ)× E
cs
x ).
Fix h a bit larger than ρ. From the definition of G, there is some
sequence of non-negative integers nk, k ≥ 0 and points xk ∈M such that
m∂Dxk,nk (B
Dxk,nk
h (x))→ 0 as k →∞.
Denote by γk the connected component of f
nk (W uloc(xk)) ∩ Cx contain-
ing x, and by Uk the set π(exp
−1
x γk). Since d(f
−n(xk), f
−n−nk (x)) → 0
exponentially fast, and the size of local unstable manifolds vary subexpo-
nentially along orbits, there exists, for each xk, an integer Nk, such that
f−Nk (W uloc(xk)) ⊂ W
u
loc(f
−Nk−nk (x)). Let γ˜k be the connected compo-
nent of fNk+nk(W uloc(f
−Nk−nk (x)) ∩ Cx containing x. Then γ˜k ⊃ γk so
that U˜k := π(exp
−1
x γ˜k) ⊃ Uk.
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Write U =
S
k≥0 Uk ⊂ E
cu
x (ρ) and U˜ =
S
k≥0 U˜k. For each k and each
z ∈ U˜ we define ψkx : U˜k → E
cs
x by the relation
expx((z, ψ
k
x(z))) ∈ γ˜k.
By definition, U˜k+1 ⊃ U˜k and ψ
k+1
x |U˜k
= ψkx for all k ≥ 0. Hence we may
define ψx on U˜ =
S
k≥0 U˜k ⊃ U by ψx(z) = ψ
k
x for any k such that z ∈ U˜k.
Claim 1 U (and hence U˜) has full Lebesgue measure in Ecux (ρ).
Claim 2 ψx admits a C
1 extension on Ecux (ρ).
To prove the first claim, choose some hyperplane P ⊂ Ecux passing
through the origin. Denote by πP : E
cu
x → P the orthogonal pro-
jection onto P . Now, each ∂Uk is a cu − 1 dimensional submanifold
of Ecux (ρ) whose cu − 1 dimensional volume goes to zero as k → ∞.
Since the Jacobian of πP |∂Uk : ∂Uk → P is at most 1, the cu − 1 di-
mensional volume of πP (∂Uk) in P goes to zero as k → ∞. Clearly
Ecux (ρ) \ Uk ⊂ π
−1
P (πP (∂Uk)) ∩ (E
cu
x (ρ))
c, and the latter has cu dimen-
sional volume bounded by 2ρ times the cu − 1 dimensional volume of
πP (∂Uk).
To prove the second claim, pick any p ∈ Ecux (ρ), and any ǫ > 0. We
will show that by choosing a sufficiently small neighbourhood V of p Ecux ,
we have
sup
k≥0
sup
u,v∈V∩Uk
‖ψkx(u)− ψ
k
x(v)‖ < ǫ (33)
sup
k≥0
sup
u,v∈V∩Uk
‖Dψkx(u)−Dψ
k
x(v)‖ < ǫ. (34)
That implies that ψx extends to a continuous function ψx : E
cu
x (ρ)→
Ecsx , and that Dψx extend continuously to a continuous function Ψx :
Ecux (ρ)→ L(E
cu
x , E
cs
x ). It does not follow directly that Ψx is the derivative
of ψx, but it can be established by showing that, given any p ∈ E
cu
x (ρ),
and any ǫ > 0, there is a neighbourhood V of p such that
sup
k≥0
sup
u,v,w∈V ∩Uk
‖ψkx(u)− ψ
k
x(v)−Ψx(w)(u− v)‖
‖u− v‖
< ǫ. (35)
Since expx(graphψx) is tangent to the continuous bundle E
cu, (33),
(34), and (35) follows if we can prove that, given any u, v ∈ U , and any
α > 0, there is a piecewise differentiable curve from u to v, contained
entirely in U , whose length is at most ‖u− v‖+α. To this end, pick some
k0 sufficiently large so that u, v ∈ Uk0 . Let Bu, Bv be balls of equal radius
≤ α/2 around u and v, contained in Uk0 ∩ V . Let H be the orthogonal
complement to {λ(u−v) : λ ∈ R} in Ecux , and π : E
cu
x → H the projection
onto H . Since the cu− 1 dimensional volume of π(∂Uk) is at most equal
to the cu− 1 dimensional volume of ∂Uk, there is some k ≥ k0 such that
the cu−1 dimensional volume of π(∂Uk) is strictly smaller than the cu−1
dimensional volume of π(Bu) (which is the same as that of π(Bv)). That
means that there exists a line segment from some point in Bu to some
point in Bv, parallel to {λ(u− v) : λ ∈ R}, and entirely contained in Uk.
18
By joining its endpoints with u and v by straight line segments, we have
constructed a piecewise differentiable curve from u to v of length less than
‖u− v‖+ α, thus concluding the proof of the second claim.
Remark 3.9. The essential unstable manifolds obtained in the construc-
tion are C2 on an open and dense subset of full leaf volume, since here
they coincide with some iterate of a local unstable manifold on this set.
However, it is not clear form the construction whether the full essential
unstable manifold obtained is C2 embedded, and it would be interesting to
know whether or not that is the case.
3.5 Full unstable manifolds
The last assertion in Theorem 2.8 is that if dimEcu ≤ 2, then m-almost
every x ∈ A has a full unstable manifold of infinite span. That is, not
only do we have mΓx(W
u
gl(x)) = |mΓx |, but actually Γx ⊂ W
u
gl(x). In
particular, the unstable manifolds of span δ are C2 in this case. For
dimEcu = 1 this is trivial. For dimEcu = 2 it follows from the following
observation. Let D be a 2-dimensional manifold with boundary such that
D has bounded geometry. Then, given any ǫ > 0, there exists β > 0 such
that if m∂D(B
D
δ (p)) < β, then d
D(p, ∂D) > δ − ǫ.
The same thing is not true when dimEcu ≥ 3. To see why, let D0 be
the closed unit ball in R3, centered at the origin. For every ǫ > 0 we can
obtain a manifold with boundary Dǫ by making small wormholes in D0,
approaching the origin such that m∂Dǫ(B
R
3
1 (0)) < ǫ and d(0, ∂Dǫ) < ǫ.
Still, it seems like a difficult task to understand whether this geometri-
cal property can actually present itself upon iterating a local unstable
manifold of a non-uniformly Anosov diffeomorphism.
4 Proofs of auxiliary results
The proof of the first auxiliary result (Proposition 2.11) relies on the
following modification of the Hopf-Anosov argument.
Lemma 4.1. Let f ∈ DS and suppose there is a Borel set A ⊂ M
with positive Lebesgue measure such that f|A is ergoidc, and such that
λcs+ (x) < 0 and λ
cu
− (x) > 0 at m-almost every x ∈ A. If there is some
δ > 0 such that m-almost every x ∈ A has essential stable and unstable
manifolds of span δ > 0, then there exists ρ > 0 such that, for m-almost
every x ∈ A, we have m(Bρ(x) ∩A
c) = 0.
For the proof of Lemma 4.1, it is convenient to represent the ergodic
component mA by a set with some specially nice properties. Let A0
be the set of points which are forward and backward generic for mA,
intersected with G∞, so that each x ∈ A0 admits essential stable and
unstable manifolds Γsx, Γ
u
x of span δ, say, where δ > 0 is some fixed
constant. We then define A1 = {x ∈ A0 : mΓsx(A
0) = |mΓsx |}, A
2 = {x ∈
A1 : mΓux (A
1) = |mΓux |}, A
3 = {x ∈ A2 : mΓsx(A
2) = |mΓsx |} etc. Then,
by Corollary 3.4, A∞ = ∩n≥0A
n is a Borel set with m(A∞ △ A) = 0.
It has the convenient property that if we pick any x0 ∈ A
∞, then mΓux0 -
almost every point in Γux0 lies in A
∞. Hence is generic for mA and has
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an essential stable and unstable manifold of span δ. And if we pick any
x1 ∈ Γ
u
x0 ∩A
∞, then mΓsx1 -almost every point in Γ
s
x1 lies in A
∞. Hence is
generic for mA and has an essential stable and unstable manifold of span
δ. So it goes on eternally.
Proof of Lemma 4.1. We shall show that there is ρ > 0 such that A∞
has full Lebesgue measure in Bρ(p), for every p ∈ A
∞. Fix p ∈ A∞
arbitrarily. We choose ρ > 0 sufficiently small so that there is a chart
ϕ : (−2, 2)d ⊂ Rn → M , with ϕ(0) = p, such that the image of (−1, 1)d
contains Bρ(p), and such that the restriction of the subbundles E
cs, Ecu
to the image of ϕ correspond to planes nearly parallel to the ‘horizontal’
R
cs × {0} and the ‘vertical’ {0} × Rcu, meaning that they are graphs of
linear maps
Acs : Rcs → Rcu, Acu : Rcu → Rcs,
where Acs and Acu have (Euclidian) norm less than, say, 1
10
. We also
suppose that ϕ((−2, 2)d) is small enough so that if x ∈ (−1, 1)d, then
ϕ−1(Γuϕ(x)) is the graph of a C
1 map ψx : (−2, 2)
cu → (−2, 2)cs. The same
thing is required for essential stable manifolds. By compactness of M and
continuity of Ecs, Ecu, such ρ can be taken uniform, i.e. independent of
p ∈ M . Altough we work in a chart, we shall use the same notation for
subsets of M and their counterparts in Rd. Thus we write A∞,Γsx ⊂ R
d
instead of ϕ−1(A∞), ϕ−1(Γsx) etc.
We argue by contradiction. Suppose that A∞ does not have full mea-
sure in (−1, 1)cs × (−1, 1)cu. Then, by Corollary 3.4, there is some q in
(−1, 1)cs × (−1, 1)cu such that mWu
loc
(q)(B ∩ H) = |mWu
loc
(q)|, where B
represents an ergodic component different from mA. Let
Vq =
[
x∈Wu
loc
(q)
W sloc(x)
To arrive at a contradiction, it is enough to show that there exists y ∈
(−1, 1)d ∩ A∞ close enough to q that mΓuy (Cp) > 0. Hence the proof is
complete once we show that A∞ is dense in (−1, 1)d.
We define a sequence of sets {Xn : n ≥ 0} recursively. Let X0 =
Γup ∩ A
∞. If n ≥ 1 is odd, let Xn = A
∞ ∩
S
x∈Xn−1
Γsx. If n ≥ 2 is even,
let Xn = A
∞ ∩
S
x∈Xn−1
Γux. By construction, X1 is
2
10
-dense in (−1, 1)d,
meaning that
sup{r > 0 : ∃x ∈ (−1, 1)d s.t. Br(x) ∩X1 = ∅} ≤
2
10
.
Similarly, X2 is
2
102
-dense in (−1, 1)d and, generally, Xn is 210n -dense in
(−1, 1)d. The proof is thus complete.
We are now ready to proceed with the proof of the first auxiliary result.
Proof of Proposition 2.11. Take ρ > 0 as in Lemma 4.1. We cover M by
a finite number of balls of radius ρ/2:
Bi = Bρ/2(xi); i = 1, . . . , N.
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We may suppose, without loss of generality, thatm(B1∩A) > 0. Now,
by connectedness of M , given any k ∈ {1, . . . , N}, there exists a sequence
1 = i1, . . . , iℓ = k such that Bin ∩Bin+1 6= ∅ for n = 1, . . . , ℓ− 1.
By applying Lemma 4.1 to a typical point in A∩B1 we see thatm(Bi1∩
Ac) = 0. Since m(Bi1 ∩ Bi2) > 0 we can apply Lemma 4.1 again to see
that m(Bi1 ∩A
c) = 0. By repeating the argument we eventually conclude
that m(Bk ∩ A
c) = 0. Since k ∈ {1, . . . , N} was chosen arbitrarily, this
means that A has full Lebesgue measure in each Bi, hence it has full
Lebesgue measure in M .
The proof of the second auxiliary result relies on the following well
known fact (see e.g. [3]).
Proposition 4.2. The integrated Lyapunov exponents
DS1 → R (36)
f 7→
Z
λcu− (f, x)dm(x), f 7→
Z
λcs+ (f, x)dm(x) (37)
are lower and upper semi-continuous, respectively.
Recall the notation
Ξcun (f) = log
„
sup
x∈M
‖ ∧cu−1 Dfn|Ecux ‖
«
(38)
ξcun (f, x) = log |detDf
n
|Ecux
| (39)
from section 3.3. We define Ξcsn (f) and ξ
cs
n similarly.
Proof of Propositon 2.12. Suppose f ∈ NA is ergodic and bi-inflatable.
We must show that each g ∈ DS , sufficiently close to f in the C1 topology,
is also non-uniformly Anosov and ergodic.
From Proposition 4.2, there is a C1-neighbourhood U of f such that
for every g ∈ U , we have
m({x : λcs+ (g, x) < 0} ∩ {x : λ
cu
− (g, x) > 0}) > 1/2. (40)
Furthermore, since 1
n
ξcun (f, x),
1
n
ξcsn (f, x) are uniformly bounded sequences
with
lim
n→∞
1
n
ξcun (f, x) =
Z
ξcu0 dm > inf
n≥0
1
n
Ξcun (f) (41)
lim
n→∞
1
n
ξcsn (f, x) =
Z
ξcs0 dm > inf
n≥0
1
n
Ξcsn (f), (42)
there is some N ≥ 0 such that, upon possibly reducing U , we may suppose
that for every g ∈ U , we have
inf
m(A)> 1
2
1
m(A)
Z
A
ξcuN (g, x)dm(x) > Ξ
cu
N (g) (43)
inf
m(A)> 1
2
1
m(A)
Z
A
ξcsN (g, x)dm(x) > Ξ
cs
N (g). (44)
It follows that every g ∈ U has at least one ergodic component A which
is bi-inflatable and on such that λcs+ (g, x) < 0 and λ
cu
− (g, x) > 0 for m-
almost every x ∈ A. Hence it follows from Theorem 2.8 and Proposition
2.11 that m(A) = 1, proving that f ∈ E ∩ BI∩NA.
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